In this paper, we analyze equilibria in competitive environments under constraints across players' strategies. This means that the action taken by one player limits the possible choices of the other players. In this context, the usual approach to show existence of equilibrium, Kakutani's fixed point theorem, cannot be applied directly. In particular, best replies against a given strategy profile may not be feasible. We devise a new fixed point correspondence to deal with the feasibility issue.
Introduction
In a non-cooperative game we are given a set of players and their corresponding strategy sets. Players simultaneously choose their strategies, and the payoff of each player depends on the strategies chosen. Because of this structure of the payoffs, most of the literature devoted to non-cooperative games assumes that the feasible strategies of each player are independent of the strategies chosen by the other players. However, there are many relevant situations where constraints exist across the strategies of the players.
As a first leading (simple) example, one may think of the following congestion game. Suppose there are ten tourists visiting city C. City C has two hotels, hotel X and hotel Y. Both hotels have room for seven guests, so both hotels together can accommodate all tourists. The preference of each tourist is to stay in a hotel with as few other tourists as possible. Clearly, in each equilibrium five tourists stay in hotel X and five tourists stay in hotel Y.
However, rooms have to be booked in advance. And both hotels have several ways to make a reservation, such as by phone, by fax, or via internet. Each tourist has two strategies (namely make a reservation in hotel X, or make a reservation in hotel Y), but the feasibility of executing such a strategy does not depend on this strategy alone, but also on the actions taken by the other tourists. If everyone else books in hotel Y, booking in hotel X is a very good strategy. However, as soon 0377-2217/$ -see front matter Ó 2008 Elsevier B.V. All rights reserved. doi:10.1016/j.ejor. 2008.06.037 between the centralized solution and any equilibrium in which buyers request inputs according to the centralized solution. Section 6 concludes and addresses issues for further research.
Existence of equilibrium in constrained environments
In Theorem 1 of this section we state and prove a generalization of the theorem of Nash (1950 Nash ( , 1951 . The original theorem of Nash says that every n-person game in normal form has at least one equilibrium. In the normal form setting each player is supposed to make a choice from a set of mixed strategies. This choice can and has to be made independently of the other players. In our generalization we explicitly allow for constraints across the strategy spaces of the players of the game. This means that feasibility of a player's choice of strategy, in contrast with the normal form setting, may depend on the choices made by other players. As we already argued, such restrictions across strategies arise naturally in many situations.
The proof of Theorem 1 is based on the fixed point theorem of Kakutani (1941) . In fact, Theorem 1 can also be shown to be a special case of the main theorem of Debreu (1952) showing the existence of a social equilibrium in generalized games, see also Arrow and Debreu (1954) for a particular case of this result. The proof of Debreu is based on a fixed point theorem of Eilenberg and Montgomery (see e.g. Eilenberg and Montgomery (1946) or McLennan (1989) ) for correspondences with contractible values, whose proof in its turn uses advanced techniques from algebraic topology. However, since in our particular setting we developed a novel technique to derive Theorem 1 relatively easily from the more widely known result of Kakutani (1941) , we decided to present a line of proof that is based on Kakutani's result.
We first formally define our model. Let N ¼ f1; . . . ; ng be a finite set of players. Each player i has a finite set A i of onedimensional decision variables at his disposal. A strategy of player i is a vector
in R A i . However, because we want to have feasibility restrictions explicitly available in our model, not all combinations x ¼ ðx i Þ i2N of strategy choices can be realized. Thus, let
be the collection of feasible strategy combinations. We assume that D is non-empty, compact and convex. A non-empty, compact and convex set D of feasible strategy combinations is called a constrained environment.
Best responses
Consider player j. Given a strategy combination x ¼ ðx i Þ i2N the set of feasible responses of player j is D j ðxÞ :¼ fy 2 Djy i ¼ x i for all i-jg:
Suppose a best response correspondence BR j : DD is given for player j such that (i) the graph of BR j is a closed subset of D Â D, and (ii) for each x 2 D; BR j ðxÞ is a non-empty subset of D j ðxÞ.
Notice that we slightly deviate from the usual terminology. In the classical normal form setting best responses are a subset of the space of strategy profiles. Because of the restrictions on the strategy space that we add to the original model this is no longer the case in our setting. Therefore, the usual tools like the fixed point theorem of Kakutani no longer apply. Definition 1. The object G ¼ hD; ðBR i Þ i2N i is called a game played in a constrained environment.
Player i is said to behave optimally when x is an element of BR i ðxÞ. This justifies the following definition.
Definition 2. A strategy profile x 2 D is called a Nash equilibrium of the game in a constrained environment G ¼ hD; ðBR i Þ i2N i if for all players i we have that x is an element of BR i ðxÞ.
A game played in a constrained environment is a rather abstract notion, and a few remarks are in order. When the set D of feasible strategy profiles is a Cartesian product of sets F i & R A i , where F i is the set of feasible strategies of player i, we have a conventional non-cooperative game in strategic form and it is clear how the game is played. First each player chooses a strategy x i 2 F i and an outcome x ¼ ðx i Þ i2N is realized. Payoff functions or best response sets specify how each player evaluates this outcome. Now, a game played in a constrained environment is played in the same way (each player i chooses a strategy x i 2 R A i ) but there is an extra complication: possibly the resulting outcome x is not feasible. As said before, it is not explicitly modeled in our setting how the conundrum of infeasibility should be resolved. However, no matter how infeasibility is resolved, in equilibrium infeasibility does not occur (at least, when infeasibilities are treated correctly) and we know what the equilibria should be, irrespective of the way we resolve infeasible choices. For instance, in the congestion game described in the introduction the equilibria are those strategy profiles in which each hotel gets five reservations. Still, just like in this game, infeasible choices are possible. Hotels can be overbooked, flights may get canceled, and in general demand may exceed supply in many situations. And the feasibility of you making a reservation in hotel X depends on the choices of others: overbooking is a feature of the entire profile of reservations by all individuals, it is not a feature of your choice alone. This phenomenon is what we try to model here.
Another point we wish to stress is that the strategy sets A i may well come from an extensive form game, so that the above model does not restrict us to simultaneous-move one-shot games. See Brandenburger and Stuart (2007) for a similar argument and for example Kuhn (1953) or Kohlberg and Mertens (1986) for more detailed discussions of the strategic equivalence of strategic form games and extensive form games.
We now turn to the existence of Nash equilibrium for games played in a constrained environment. Let D n be the n-fold product of the set D. An element
for all players i and j. Furthermore, let r be the cyclic permutation of the player set N defined by 
j whenever j-i. Thus, we can derive the desired equality for all i and j with j-i. However, for j ¼ i we get from the equalities we already deduced that
Using Lemma 1 we can prove existence of Nash equilibrium for games that are played in constrained environments, if the best responses are convex. Theorem 1. Let G be a game played in a constrained environment. If for each x 2 D and j 2 N; BR j ðxÞ is convex, then the game G has at least one Nash equilibrium.
Proof. Apply the fixed point theorem of Kakutani to /. This yields a point ðx i Þ i2N with x rðiÞ 2 BR i ðx i Þ for all i. However, by Lemma 1, we know that there is a strategy combination x 2 D such that x i ¼ x for all i. Hence, x 2 BR i ðxÞ for all i, and x is a Nash equilibrium of the game G. h Computation of all Nash equilibria, or even a single Nash equilibrium, may be a complicated task. Even though a single player, given the strategies of his opponents, faces a simple one-person decision problem, Nash equilibrium requires that players play optimally in an orchestrated fashion. Even for the simplest case, finite two player strategic form games (bimatrix games) it is still an open question whether computation of Nash equilibrium can be achieved in polynomial time. Savani and von Stengel (2006) recently showed that the most notable algorithm for computation of a single Nash equilibrium, the Lemke-Howson algorithm, see Lemke and Howson (1964) , has a worst-case exponential running time. Computing a Nash equilibrium for more than two players involves solving higher order polynomial (in)equalities, and is a hard problem. Recently, Daskalakis et al. (2006) have shown that computation of a Nash equilibrium with four or more players is PPAD complete. Chen and Deng (2005) have shown the PPAD completeness of finding a Nash equilibrium for bimatrix games.
The supply chain planning framework
In this section, we present the application that motivated this work. We consider a two-level supply chain composed by suppliers at the first level and buyers at the second level, both keeping most of their parameters, such as unit costs and capacities, locally, see e.g. Dudek and Stadtler (2005) for the one-supplier one-buyer setting. The buyers are faced with deterministic and dynamic external demand over a planning horizon, and to satisfy this demand they source inputs from the suppliers. Since we are dealing with a competitive environment where there are multiple suppliers for the same product, we coordinate this supply chain by means of a distribution center that is in charge of making a production plan while taking into account the information provided by each of the members. In the following, we describe in detail the parameters associated to this model. Let S be the set of suppliers and B be the set of buyers that have to satisfy a demand pattern over a discrete planning horizon of T periods. At each period t ¼ 1; . . . ; T each buyer b 2 B faces a demand of dðb; tÞ P 0 units for the so-called end product.
In order to produce one unit of the end product each buyer b 2 B needs one unit of a so-called input product, which he can subsequently transform into the end product at a cost of cðb; tÞ when production takes place at period t.
The buyers should satisfy the demand exactly in time. Therefore, when needed buyers will keep the end product in stock, where the unit inventory holding costs for buyer b at period t are equal to hðb; tÞ.
Upstream in the supply chain each supplier s 2 S can produce the input product. The unit production costs faced by supplier s at period t are equal to cðs; tÞ. The capacity of supplier s at period t is equal to mðs; tÞ.
Finally, the input product can only be held in stock at the distribution center, where the unit inventory holding at period t are equal to gðtÞ. These costs are shared equally by the buyers and the suppliers.
In order to acquire the input product buyer b in B places an order rðb; tÞ P 0 at the distribution center for each period t. Following the upstream planning, see Bhatnagar et al. (1993) , the distribution center promises to deliver these requirements just in time. Independently and simultaneously, supplier s in S reports quantities qðs; tÞ to the distribution center representing the maximal amount of input product he is willing to produce at period t. The distribution center has two tasks: checking for the feasibility of the ask/bid profile, and allocating the requests of the buyers to the suppliers. Recall that the first task is necessary since we are dealing with constraints across the players' strategies. Once these two tasks have been performed the players can calculate their payoffs. In the following, we discuss the feasibility and the form of the payoffs for any feasible upstream mechanism. In Section 4, we discuss in detail an upstream mechanism based on minimizing the shared inventory holding costs at the distribution center.
Note that buyers and suppliers make a plan at the start of the planning horizon for the entire planning horizon, all orders and reports are submitted before the beginning of the planning horizon. In the same fashion, the distribution center returns the plan to the suppliers at the start of the planning horizon. This is a one-shot game, in contrast to dynamic versions, where a game is played in period t, and the output of this game is known before playing game in period t þ 1.
Feasibility of ask/bid profiles
Given the specification of each requirement rðb; tÞ by the buyers and each capacity qðs; tÞ by the suppliers, the distribution center first checks feasibility of the ask/bid profile as follows. Write Dðb; tÞ :¼ dðb; 1Þ þ Á Á Á þ dðb; tÞ; the total demand for buyer b up to and including period t. Similarly we write Rðb; tÞ :¼ rðb; 1Þ þ Á Á Á þ rðb; tÞ; the total requirement of buyer b up to and including period t, and Qðs; tÞ :¼ qðs; 1Þ þ Á Á Á þ qðs; tÞ; the total reported capacity of supplier s up to and including period t. The feasibility restrictions we impose can now be written as follows.
For each buyer b 2 B, for each supplier s 2 S, and for all t ¼ 1; . . . ; T Rðb; tÞ P Dðb; tÞ and mðs; tÞ P qðs; tÞ:
These conditions reflect demand satisfaction for the end product and the production restrictions on the supply side, respectively. Moreover, we require that
Rðb; tÞ for all t ¼ 1; . . . ; T. These conditions ensure demand satisfaction for the input product. The set of feasible ask/bid profiles ðq; rÞ is denoted by D. To show the main result of this paper, we assume that D is not empty, i.e., there exists at least one feasible ask/bid profile. In particular, we will assume throughout the rest of the paper that the ask/bid profile ðm; dÞ, in which each buyer reports his demand and each supplier reports his maximum capacity, is feasible. This is a very mild condition and it does not preclude the infeasibility of other ask/bid profiles. As already said in the introduction, our proof of existence of an equilibrium will be the same, independently of the way these infeasibilities are resolved, provided that we augment the game appropriately. One choice that may be very appealing here is the use of a penalization function every time an ask/bid profile falls outside the feasible region D, where the penalization is big enough to ensure that infeasible profiles are never chosen in equilibrium.
Feasibility of coordination mechanisms
For each feasible ask/bid profile ðq; rÞ in D the distribution center announces a binding coordination arrangement. The way this binding coordination arrangement is constructed is public knowledge to all the players in the supply chain. As said before, each buyer b has to pick up rðb; tÞ units from the distribution center during period t and to transform this amount into end product. For supplier s and period t, the distribution center needs to specify x s ðq; r; tÞ; such that supplier s is now bound to produce x s ðq; r; tÞ units in period t. Thus, a coordination arrangement, or mechanism, is a collection
of continuous functions x s : D Â T ! R, the delivery schedules for the suppliers to the distribution center. A mechanism must satisfy the following conditions. Write X s ðq; r; tÞ ¼ x s ðq; r; 1Þ þ Á Á Á þ x s ðq; r; tÞ Xðq; r; tÞ ¼ X s2S X s ðq; r; tÞ xðq; r; tÞ ¼ X s2S x s ðq; r; tÞ:
We require the following set of conditions. For each supplier s 2 S, x s ðq; r; tÞ 6 qðs; tÞ for all t ¼ 1; . . . ; T. Further, the total stock in the distribution center should always be non-negative. So, for all t ¼ 1; . . . ; T.
Xðq; r; tÞ P X b2B Rðb; tÞ:
Total production and inventory costs
As said before inventory costs at the distribution center are supposed to be shared equally by all buyers and suppliers alike. So, if we write Gðq; r; tÞ :¼ Xðq; r; tÞ À X b2B Rðb; tÞ for the total stock available at the distribution center at period t, the costs associated with the binding coordination arrangement ðx s ðq; r; tÞÞ The first term is equal to the total production costs given the binding coordination arrangement imposed by the distribution center. The second term is the part of the inventory costs associated with the input product that supplier s is supposed to pay.
Similarly, for buyer b, his costs are equal to
hðb; tÞðRðb; tÞ À Dðb; tÞÞ:
We may observe that, as in a standard non-cooperative game, a player would need to model the actions of the rest of the players to be able to calculate its own payoffs. Once these actions are defined, this player only needs two ingredients to calculate its payoff, namely its own cost structure and the agreement returned by the distribution center, which is public information to every player. So far we have only addressed the decisions of the distribution center given an ask/bid profile ðq; rÞ. However, when choosing a strategy, buyers and suppliers are thus confronted with an entire range of opportunities by changing their stated requirements or capacities. The set of feasible responses of supplier s given the ask/bid profile ðq; rÞ is the set The goal now is to define the way the production planning is constructed by the distribution center, such that the best response correspondences are convex. We propose a very appealing alternative, based on minimizing the shared inventory holding costs.
Existence of equilibria for inventory cost minimization planning
In the following, we will discuss a variant of the upstream planning mechanism for which we can use Theorem 1 to show the existence of a Nash equilibrium. To define the coordination mechanism completely, it remains to describe the way the distribution center constructs a plan for the suppliers. The objective is to keep the inventory costs of the input product as low as possible. In our case this is equivalent to satisfying the requests of the buyers as late as possible. Hereafter, we assume that the suppliers are put in a queue. This queue is modeled by the sequence sð1Þ; sð2Þ; . . . ; sðnÞ, where sð1Þ is the supplier in the front of the queue, sð2Þ is the second supplier in the queue, et cetera. The specific order is not crucial in what follows. The queue is mainly used as a tie breaking tool so that we can make unambiguous assignments of quantities to players within a period. Thus, we assume without loss of generality that sðiÞ ¼ i for all i. Given n; q 2 R T , let hðn; qÞ be the optimal value of the linear programming problem
X t 6 n t t ¼ 1; . . . ; T;
I 0 ¼ 0;
where X t is the production level in period t and I t is the inventory level at the end of period t. The goal of this problem is to satisfy the request pattern q subject to the production capacities n t , such that the total inventory holding costs P T t¼1 gðtÞI t are minimized. Since the production variables X t are not in the objective function, it is easy to show that we produce the requirements q t as late as possible, given the capacities n t .
Once the distribution center has collected the strategies chosen by the players and has checked that the ðq; rÞ profile is feasible, it defines n t ¼ P s2S qðs; tÞ and q t ¼ P b2B rðb; tÞ, and computes hðn; qÞ obtaining the minimal inventory holding costs to satisfy the requests of the buyers given the capacities offered by the suppliers. The optimization problem also provides the aggregate production vector X 2 R T . To finalize the planning, the distribution center needs to disaggregate the amounts X t to obtain x s ðq; r; tÞ. Using the order defined in the set of suppliers, this disaggregation is well-defined and unique. It starts by letting the first supplier produce to full capacity if needed, otherwise, it will produce only what is needed. If this supplier has produced to full capacity then we make a similar construction with supplier 2, and we continue until the aggregate production has been assigned to the suppliers. In Appendix A, we derive a formal recursive expression for x s ðq; r; tÞ.
We now prove the existence of Nash equilibria in the inventory cost minimization planning mechanism by means of Theorem 1. In the following, we first show that the best reply correspondences BR b are convex. We may observe that the first and the last terms of the objective functions are linear in rðb; tÞ. Moreover, since the distribution center minimizes the total shared inventory costs, we know that the second term is equal to 1 jBjþjSj P T t¼1 gðtÞ Gðq; r; tÞ ¼ 1 jBjþjSj hðn; qÞ where n t ¼ P s2S qðs; tÞ and q t ¼ P b2B rðb; tÞ. Therefore, it remains to show that the function hðn; qÞ is a convex function in q. This easily follows after writing the dual formulation of the linear programming model defining hðn; qÞ. We have that hðn; qÞ ¼ max
ðk t q t À l t n t Þ : k t ; l t P 0; k t À l t 6 0; Àk t þ k tþ1 6 gðtÞ; Àk T 6 gðTÞ ( )
:
Therefore, hðn; qÞ as a function of q can be seen as the maximization of linear functions on a polytope, which is a convex function. h
Unfortunately, for the suppliers we cannot prove a similar result.
Example 1. Consider a single supplier and a single buyer. The supplier has three days to produce one unit of input product for the buyer. Each day his capacity is equal to 2. A reported capacity ðq 1 ; q 2 ; q 3 Þ for the supplier is feasible if each q i is between 0 and 2, and moreover q 1 þ q 2 þ q 3 P 1. Graphically this can be represented by the cube ½0; 2 3 with one corner chopped off. Now, given a feasible reported capacity ðq 1 ; q 2 ; q 3 Þ, our upstream planning mechanism returns the schedule ðx 1 ; x 2 ; x 3 Þ ¼ ð0; 0; 1Þ if q 3 P 1;
ð0; 1 À q 3 ; q 3 Þ if q 3 < 1 and q 2 þ q 3 P 1;
ð1 À q 2 À q 3 ; q 2 ; q 3 Þ else:
Moreover, suppose that the production and inventory costs are such that producing in periods 1 and 3 is equally expensive, while production in period 2 is very costly. We then have cðs; 1Þ þ 1 2 Â ðgð1Þ þ gð2ÞÞ ¼ cðs; 3Þ < cðs; 2Þ þ 1 2 Â gð2Þ. Thus, the set of best replies is S [ T with S ¼ fðq 1 ; 0; q 3 Þjq 1 þ q 3 P 1; 0 6 q 3 6 1; 0 6 q 1 6 2g and T ¼ fðq 1 ; q 2 ; q 3 Þj1 6 q 3 6 2; 0 6 q 1 6 2; 0 6 q 2 6 2g;
where we avoid producing in period 2 since it is more expensive than producing in any of the other periods. Graphically this is the shaded area S together with the box T depicted in the front of the picture below.
However, this is clearly not a convex set.
In the following, we construct a subcorrespondence of BR s ðq; rÞ. First, observe that given a feasible ask/bid profile in the above example, say ðq; rÞ 2 D, supplier s gets the same plan back from the distribution center when reporting q 0 or x s ðq 0 ; r; ÁÞ. Therefore, if ðq 0 ; rÞ 2 BR s ðq; rÞ, then ðx s ðq 0 ; r; ÁÞ; rÞ 2 BR s ðq; rÞ. In the above example it can easily be seen that convexity is not a problem when we only consider best responses of the latter type. This observation is the motivation for the following definitions.
Definition 3. Let ðq; rÞ be an element of D and let s be a supplier in S. An element ðq 0 ; rÞ of BR s ðq; rÞ is called a minimal best response of supplier s if supplier s has reported such that x s ðq 0 ; r; tÞ ¼ q 0 ðs; tÞ, for all t. The set of minimal best responses of supplier s given ðq; rÞ is denoted by MBR s ðq; rÞ.
In the following, we show the existence of Nash equilibria in our supply chain application. To prove this result we need Lemma B.3 in Appendix B, showing that the minimal best responses correspondences MBR s are convex.
Theorem 2. The game hD; ðBR b Þ b2B ; ðMBR s Þ s2S i has a Nash equilibrium, and therefore the game hD; ðBR b Þ b2B ; ðBR s Þ s2S i also has Nash equilibrium.
Proof. By Theorem 1 and Lemmas 3 and B.3, it suffices to show that the game hD; ðBR b Þ b2B ; ðMBR s Þ s2S i is played in a constrained environment. By Lemma 2 we already know that the graph of BR b is closed and that its values are non-empty. In the following we study similar properties for MBR s .
First we will show that the graph of MBR s is closed. To see this, notice that, by the definition of a minimal best response, Note that we do not require suppliers to report exclusively minimal best responses. We only showed that a Nash equilibrium exists in which each strategy is a minimal best response against the strategies of the opponents. However, there may well be equilibria in which sellers use strategies that are non-minimal best responses.
Properties of the supply chain equilibria
In this section, we discuss some properties of the supply chain equilibria. First we show that the centralized solution -the plan that minimizes the total cost faced by both suppliers and buyers -will in general not be a Nash equilibrium. This is by the way not a feature that is restricted to upstream planning mechanisms. For virtually all mechanisms the centralized solution will often not be a Nash equilibrium. Then, we illustrate that the equilibrium is not unique in general. Finally, we derive a bound, for the buyers, on the difference between their costs in the centralized solution and any equilibrium derived from the centralized solution.
Example 2. Consider a planning horizon consisting of six time periods, i.e. T ¼ 6, one single supplier and one single buyer. where x Ã ðs; tÞ is the amount of input product the distribution center requires the supplier to deliver at period t; y Ã ðb; tÞ is the amount of input product the distribution center requires the buyer to collect (and subsequently transform into end product), GðtÞ is the amount of the input product stored at the distribution center at period t and OðtÞ is the amount of end product stored at period t. The total cost of this production schedule equals 636, of which
is paid by the supplier and
is paid by the buyer. This production schedule ðx Ã ðs; tÞ; y Ã ðb; tÞÞ can never be an equilibrium outcome of the upstream planning mechanism for the following reason. Let ðq; rÞ be a feasible ask/bid profile that has the centralized solution as an outcome of the upstream planning mechanism, i.e. x s ðq; r; tÞ ¼ x Ã ðs; tÞ and rðb; tÞ ¼ y Ã ðb; tÞ. (Recall that in the upstream planning the distribution center simply copies the requirements of the buyer.) However, given these requirements reported by the buyer, the supplier has a feasible bid for his capacities that results in lower costs than in the centralized solution. If the supplier reports 
is paid by the buyer. Thus, the centralized schedule can never be the outcome of a decentralized optimal choice for the supplier under our upstream planning mechanism. In this context it is interesting to note that, in the language of Brandenburger and Stuart (2007) , our model will at least violate the No Externalities condition, because the maximum cost reduction the supplier can realize depends crucially on the choice of requirements the buyer submits. Thus Proposition 5.1 of Brandenburger and Stuart, which establishes the (cost) efficiency of Nash equilibrium, does not apply as we observed in this example.
In the following we will show that, for a given problem instance, there may exist more than one equilibrium, which is usually the case. We use the same data as in Example 1.
Example 3. Consider the one-supplier one-buyer problem instance presented in Example 1, where the buyer needs to produce exactly one unit in period 3, i.e., the vector of demands is equal to (0, 0, 1). Suppose that the buyer can produce in any period at the same cost and that the unit inventory holding costs hðb; tÞ are equal to the input ones, i.e., hðb; tÞ ¼ gðtÞ, for all t. Because the input inventory holding costs are equally shared by the supplier and the buyer and the production costs at the buyer are stationary, if needed, the buyer prefers to keep the inventory at the distribution center. Therefore, given the vector of requirements r ¼ ð0; 0; 1Þ, it is easy to see that the following two ask/bid profiles ðq 0 ; rÞ and ðq 00 ; rÞ yield an equilibrium, where q 0 ¼ ð1; 0; 0Þ and q 00 ¼ ð0; 0; 1Þ.
In the light of Example 2, one straightforward question would be how bad Nash equilibria can be compared to the centralized planning. However, we have shown in Example 3 that for a given problem instance there may be multiple equilibria. In the following proposition, we focus on the buyers point of view and, in particular, on the requirements pattern obtained from the centralized solution. Proof. Because we are using an upstream planning, the distribution center implements the requirements of the buyers. Therefore, for any buyer b, the difference between the centralized solution and any associated equilibrium is only in the input inventory levels, i.e., the production as well as the end product inventory levels are the same. We will show that the two ask/bid profiles differ in at most ðT À 1Þ Â Dðb; TÞ units of inventory and the desired result following by noticing that the unit input inventory holding cost that buyer b needs to pay in any period is at most 1 jSjþjBj Â max t gðtÞ.
In the worst-case, buyer b may require everything in the last period and the suppliers may have the cheapest option for producing (including the shared unit inventory holding costs for the input product) in the first period. Therefore, the suppliers will only submit capacities in period 1. Thus, buyer b may need to pay this extra inventory holding costs, i.e., carry the total demand in inventory from period 1 until period T. h
Conclusion and further research
In this paper, we showed the existence of Nash equilibrium in game theoretic models with constraints across players' strategies. We apply the result in the context of a two-level supply chain. We showed that for the upstream mechanism where the requests are produced as late as possible, we can apply the existence result to a subcorrespondence of the best response correspondence. We also showed that in the two-level supply chain setting the centralized solution is in general not a Nash equilibrium and that the equilibrium may not be unique.
The existence result can be useful for further applications in games where the feasibility depends on the strategies of all players taken together. Such situations arise especially in contexts of decentralized decision making where local decisions can disrupt the company's planning. It may be interesting to apply our result to for example coordination of design or manufacturing divisions in a firm. Also the introduction of transfer prices in the supply chain model seems to be an interesting and non-trivial extension of our current supply chain model.
The observation that Nash equilibrium is in general not optimal seems to suggest that, when decision making is decentralized in the supply chain, that the chain may get caught in a non-optimal solution. One way to resolve this is by monetary transfers. We conjecture it is possible to improve upon the Nash equilibrium outcome by means of payment schemes or subsidies. Under exactly which circumstances is it possible to guarantee full optimality with such payment schemes? One other direction for further research would be to see whether we can apply the existence result also in a more general setting, for example allowing for setup costs in production.
Appendix A.
In this appendix, we give a recursive expression of x s ðq; r; TÞ, when the distribution center applies the upstream mechanism described in Section 4. This expression will be used in Appendix B. As noted in Section 4, because the distribution center minimizes the shared inventory holding costs, requirements are produced as late as possible. The idea behind the recursive expression is to produce the requirement rðb; tÞ in the same period as it occurs, namely period t, if not it will be produced in period t À 1, etc. Within a period, suppliers will be addressed in increasing order of their index. Thus, given a feasible ask/bid profile ðq; rÞ, the distribution center sets 
where s t is defined as the first index s such that
qð'; tÞ;
or 1 when such an index does not exist. If s t < 1, we say that t is a critical period and that s t is its critical supplier. Period t is critical if the available capacity plus the scheduled amounts in period t þ 1 through period T is strictly above the total requirements in period t through period T. Once we are in a critical period, the corresponding critical supplier is the first one for which the total available capacity of suppliers 1; . . . ; s in period t plus the scheduled amounts in period t þ 1 through period T is strictly above the total requirements in period t through period T.
Given an ask/bid vector ðq; rÞ, the planning horizon decomposes into blocks by using the critical periods. A block is defined as a collection of consecutive periods such that the first period is the only period where the (backward) cumulative requirements are at most the (backward) cumulative capacities. To be precise, ½t 1 ; t 2 is a block if and only if It is easy to see that the critical periods decompose the planning horizon into blocks.
In the following, we illustrate these concepts with an example. The unit inventory holding costs for the input product faced by the distribution center are equal to 1, equally paid by the suppliers and the buyer ( 1 3 per period each). The requirements of the buyer are equal to (3, 6, 6, 8) . Suppose that the first supplier bids (5, 0, 0, 5) and the second supplier his actual capacities, i.e., (5, 5, 5, 5). At period T, we have more capacity than the requirements in that period, therefore, we will have the first critical period and the corresponding critical supplier will be supplier 2. The first supplier will produce his bid, while the second supplier will only produce the needed amount to exactly fulfill the requirements, i.e., 3 units. We can find these figures in the last column of the table below. Given the schedule in the last period, we go one period backwards. The total available capacity in period 3 together with the scheduled amounts in period 4 are not enough to fulfill the total requirements in periods 3 and 4. The same happens in period 2. So the next critical period will be period 1 and the critical supplier will be the first one since his bid together with the scheduled amounts in periods 2 through 4 is enough to fulfill the total requirements from period 1 through period 4. This ask/bid vector yields a decomposition of the planning horizon into blocks [1, 3] Appendix B.
In this appendix, we show that for the upstream mechanism described in Section 4, where the aim is to minimize the shared inventory holding costs, the values of MBR s are convex. We make use of the recursive expression of x s ðq; r; TÞ derived in Appendix A, and the concepts of block, critical period and critical supplier.
Remark B.1. Let ðq 0 ; rÞ be an element of MBR s ðq; rÞ and let ½t 1 ; t 2 be one of the blocks of the decomposition of the planning horizon obtained from ðq 0 ; rÞ. If supplier s bids some capacity in the first period of the block q 0 ðs; t 1 Þ > 0, then x ' ðq 0 ; r; t 1 Þ ¼ q 0 ð'; t 1 Þ for all '-s. Otherwise, part of this production could have been done by another supplier, with less production costs for supplier s and the same inventory holding costs.
In the following lemma, we show that if we have two ask/bid profiles sharing some of their critical periods, then any convex combination will also share these critical periods. for all t. Suppose that these inequalities are true. Take a common critical point for both ðq 0 ; rÞ and ðq 00 ; rÞ, say t. From the definition of critical point we know that there exists a supplier s t such that the total available capacity of suppliers 1; . . . ; s t in period t plus the scheduled amounts in period t þ 1 through period T is strictly bigger than the requirements in period t through period T, i.e. Now by taking the corresponding convex combination,
x ' ðq 0 ; r; sÞ þ ð1 À kÞ
x ' ðq 00 ; r; sÞ þ
qðkÞð'; tÞ > X b2B X T s¼t rðb; sÞ;
and the result follows from (1). We can show (1) using backwards induction on t. First, we prove that the result is true for t ¼ T. We have that 
x ' ðq 0 ; r; TÞ þ ð1 À kÞ X '2S
x ' ðq 00 ; r; TÞ:
Now suppose that (1) is true for period t þ 1 and we want to prove it for t. Proof. Let ft k g K k¼1 be the joint set of the critical periods of ðq 0 ; rÞ and ðq 00 ; rÞ, given in decreasing order. Because of feasibility we know that t K ¼ 1. Without loss of generality, we will assume that there is only one period being critical for both ðq 0 ; rÞ and ðq 00 ; rÞ, namely t K ¼ 1. Otherwise, and by using Lemma B.1, ðqðkÞ; rÞ will share this critical point as well and the planning horizon can, therefore, be split using this common critical period. The same proof can be applied to each of the two new planning horizons.
From the definition of a block, Claim 1 follows trivially for ðq 0 ; rÞ, i.e. k ¼ 1, for any period between 2 and the first critical one, and similarly for ðq 00 ; rÞ, i.e. k ¼ 0. For the rest of periods, it is enough to show that for k ¼ 1; . . .
when t k is a critical period for ðq 0 ; rÞ, and therefore x ' ðq 0 ; r; tÞ ¼ q 0 ð'; tÞ for all ' 2 S and t P t k , or
when t k is a critical period for ðq 00 ; rÞ, and therefore x ' ðq 00 ; r; tÞ ¼ q 00 ð'; tÞ for all ' 2 S and t P t k . Now Claim 1 easily follows for 0 < k < 1 from the observation that
x ' ðq 00 ; r; sÞ ¼ k
qðkÞð'; sÞ:
To show (2) and (3) we will use backwards induction. We will first show the result for k ¼ 1. 
Again, we will show that we can reduce the costs associated with ðq 00 ; rÞ. We have that (i) the inventory levels in periods t k À 1; . . . ; t low À 1 are strictly positive because these periods belong to the same block, (ii) there exists a period s, s ¼ t k þ 1; . . . ; t low À 1 where q 0 ðs; sÞ > q 00 ðs; sÞ since (5) and (6) hold and q 0 ðs; t k Þ ¼ 0, (iii) the unit production costs in period s are at most as expensive as the unit inventory costs incurred from period t k up to period s because in ðq 0 ; rÞ the other suppliers have capacity left during period t k . In a similar fashion as before, we can show that we can reduce the costs associated with ðq 00 ; rÞ, being in contradiction with the fact that ðq 00 ; rÞ is a best response.
In the following, we will show Claim 2. We will distinguish three cases. 
We will show that we can reduce the costs for supplier s associated with ðq 00 ; rÞ, which is a contradiction with the fact that this is a best response. We have that (i) the inventory levels during periods 1; . . . ; t low À 1 are strictly positive because these periods belong to the same block, (ii) part of this inventory is produced by supplier s during period 1 because q 00 ðs; 1Þ > 0 and the capacity of ðq 00 ; rÞ is fully used, (iii) there exists a period s; s ¼ 2; . . . ; t low À 1 where q 0 ðs; sÞ > q 00 ðs; sÞ since (8) and (9) 
